This paper deals with blow-up properties for a degenerate parabolic system with nonlinear localized sources subject to the homogeneous Dirichlet boundary conditions. The main aim of this paper is to study the blow-up rate estimate and the uniform blow-up profile of the blow-up solution. Our conclusions extend the results of [L.L. Du, Blow-up for a degenerate reactiondiffusion system with nonlinear localized sources, J. Math. Anal. Appl. 324 (2006) 304-320]. At the end, the blow-up set and blow up rate with respect to the radial variable is considered when the domain Ω is a ball.
Introduction
In this paper, we consider the following degenerate parabolic system with nonlinear localized sources Thanks to the condition (H2), similar to Steps 1 and 2 in the proof of [17, Lemma 3] , it can be proved that the positive classical solution is unique. The details was omitted here. 2
Recently, the parabolic equations and systems with localized sources and local terms have attracted and been discussed by many authors, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [12] [13] [14] 16, 18, 19] . Particularly, in the paper [4] , Du proved that if p < 1, m < 1 and qn < (1 − p) (1 − m) , then every solution (u, v) of (1.1) is global; if p > 1 or m > 1 or qn > (1 − p) (1 − m) , then the solution (u, v) of (1.1) blows up in finite time for the large initial data and exists globally for the small initial data. Moreover, Du also studied the blow-up rates and uniform blow-up profiles of blow-up solutions for some special cases. 
(ii) If p = m = 0, and n > 1, q > 1, then
uniformly on any compact subset of Ω, where
The main purpose of the present paper is to study the blow-up rate estimate and uniform blow-up profile of the blow-up solution. Our results extend Theorem A. Moreover, we will discuss blow up set and blow-up rate with respect to the radial variable when the domain Ω is a ball. This paper is organized as follows. In Sections 2 and 3, we estimate the blow-up rate and the uniform blow-up profile for the blow-up solution by modifying Souplet's method. In the final section, we will study the blow-up set and the blow-up rate in space with respect to the radial variable of blow-up solution when the domain Ω is a ball. Throughout this paper, we always assume that the solution (u, v) blows up in finite time T .
Estimate of the blow-up rate
Throughout this section we assume that
To simplify the notations, we set
Then ρ, θ > 0 by our assumption. Denote
where c 0 is given by (2.5).
The main result of this section is the following: 
To prove Theorem 2.1, we first prove two lemmas.
where c 0 is a positive constant which will be given by (2.5).
Proof. It is easy to see that M 1 (t) and M 2 (t) are Lipschitz continuous and satisfy
where
Integrating (2.4) from t to T , we obtain that
The proof is complete. 
Notice that qθ/(1 + qθ) + 1/(2 + ρh) = 1, by Young's inequality we have
Choose ε = ρ(qθ + 1)/[θ(ρ + 1)], then we get
0.
Similarly
In view of
By the comparison principle we have
So we arrive at the conclusion. 2
Proof of Theorem 2.1. By (2.6), we have
Since (u, v) blows up in finite time T , without loss of generality, we may assume that lim t→T M 1 (t) = ∞. Integrating the first inequality of (2.7) from t to T , it yields
By (2.3) and the definition of η, we can prove that lim t→T M 2 (t) = ∞. Integrating the second inequality of (2.6) from t to T , we have
On the other hand, note that the definition of η, it follows from (2.3) and (2.8) that
Similarly,
The proof is completed. 2
The uniform blow-up profile
In this section we study the uniform blow-up profile of (u, v) for the case:
So the parameters h, k, ρ and θ , defined in the previous section, satisfy 0 h, k < 1, nq > hk and ρ, θ > 0. Set
where γ = nq − hk > 0. 
In order to prove Theorem 3.1, we first prove some lemmas. Proof. The proof is similar to that of Lemma 5.1 in [20] . 2
In the following, f (t) ∼ g(t) means that lim t→T f (t)
g(t) = 1.
Lemma 3.2. Assume that (H1)-(H3) hold. Then
then M 1 (t) and M 2 (t) are Lipschitz continuous and satisfy
By Theorem 2.1, we may assume that
In view of h 0, integrating the first inequality of (3.1) from 0 to t, we get
Since lim t→T M 1 (t) = ∞, it follows that lim t→T F (t) = ∞. Note that v t 0, we see that f (t) is monotone non-decreasing. It follows that lim t→T f (t) = ∞ since lim t→T F (t) = ∞. Similarly we have lim t→T g(t) = lim t→T G(t) = ∞. 
Proof. For the case (i), we have h > 0. Denote
where ϕ(x) is the principal eigenfunction of − in Ω with the null Dirichlet boundary condition, and satisfies ϕ > 0 in Ω, Ω ϕ(x) dx = 1. Let λ 1 > 0 be the corresponding eigenvalue. A directly computation shows that
for a, b 0 and p 1, and Ω ϕ(y) dy = 1, we get
where w − (x, t) = max{−w(x, t), 0}. By (3.2), we have
. Integrating this inequality from 0 to t yields
For any given ζ > 0, define Ω ζ = {y ∈ Ω: dist(y, ∂Ω) ζ }. Note that 0 < h < 1, by Lemma 3.1, we have − w 0. Note that (3.5), we can use Lemma 4.5 in [15] and get that
It follows from (3.4) and (3.6) that, for x ∈Ω ζ and t ∈ (0, T ),
By (3.2) and Theorem 2.1, we get that, as t close to T ,
Note that αρ < 1, it follows from (3.8) and (3.9) that
This combined with (3.7) yields that the following holds uniformly onΩ ζ :
We claim that
If this is not true, then there exists 0 < ε < 1, t i → T and x i ∈ Ω such that
We may assume that x i → x * ∈Ω. Using (3.10), it is easy to derive that x * ∈ ∂Ω. For the small constant ζ > 0, we see that
This contradicts (3.10).
On the other hand, it follows from (3.2) that
This combined with (3.11) yields
Similarly, we can prove that the following holds uniformly onΩ ζ :
For the case (ii), we have h = 0. Define
z(x, t) = F (t) − ln u(x, t), λ(t) =

Ω z(y, t)ϕ(y) dy.
A direct computation shows that
Using (3.3), we have z(x, t) −M, (x, t) ∈ Ω × [0, T ). (3.12) Thus λ (t) C Ω exp αF (t) ϕ(y) dy = C exp αF (t) .
Integrating from 0 to t, it yields
Similar to the proof of (3.5) we have
For any given ζ > 0, similar to the above we define Ω ζ = {y ∈ Ω: dist(y, ∂Ω) ζ }. By Lemma 3.1, − z 0. Note that (3.13), we can use Lemma 4.5 in [15] and get
(3.14)
It follows from (3.12) and (3.14) that
Without loss of generality, we assume that T > 1. By Theorem 2.1 we have
Using (3.3), we get
Thus, for x ∈Ω ζ and t ∈ (0, T ), Similarly, we can prove that the following holds uniformly onΩ ζ :
The proofs of (iii) and (iv) are similarly. 2 
By (ii) of Lemma 3.3, we know that for any given compact subset Ω 0 Ω, which contains x 0 , there exists 0 < t 0 < T such that the following hold onΩ 0 :
δF (t) ln u(x, t) τ F (t), δkG(t) v k (x, t) τ kG(t), t ∈ [t 0 , T ).
Therefore, exp nδF (t) G (t) exp nτ F (t) , δkG(t) q k F (t) τ kG(t) q k , t ∈ [t 0 , T ).
It follows that
In view of the right-hand side of (3.17), we have
Integrating the above inequality from t 0 to t, we get
Due to lim t→T F (t) = ∞, there existst 0 :
Thus we have
Applying the similar analysis as the above to the left-hand side of (3.17), there exists t * 0 : t 0 t * 0 < T such that, for t ∈ [t * 0 , T ),
.18) and (3.19) hold for t ∈ [T , T ). Analogous to the case (i), we can draw the cases (ii) and (iii). 2
Proof of Theorem 3.1. For the case (i). By (i) of Lemma 3.3 we have that, as t → T ,
Consequently,
This fact combined with the conclusion (i) of Lemma 3.3 asserts that the following hold uniformly on any compact subset of Ω:
satisfying T i < T and T i → T , such that the corresponding conclusion (i) of Lemma 3.4 holds for T i t < T .
In view of p = 1 − α and m < 1 − β, by the second conclusion of (ii) of Lemma 3.3, there exists 
q+k ln n and using lim t→T F (t) = ∞, integrating (3.21) from t to T ,
By joining (3.22) and (i) of Lemma 3.4, it follows that, for T * i t < T ,
It follows from (3.22) and (3.23) that, when
(3.24)
Note that δ i , ε i , τ i → 1, and
It follows from the second conclusion of (ii) of Lemma 3.3 that
uniformly on any compact subset of Ω. Thanks to the first conclusion of (3.25), By the same way, we can prove conclusions (iii) and (iv). 2
Blow-up set and blow-up rate in space: A special case
In this section, we study the blow-up set and the blow-up rates in space with respect to the radial variable of blow-up solution when the domain Ω is a ball. We need the following additional assumption:
(H4) Ω = B R (0), x 0 = 0, and u 0 (x) and v 0 (x) are radially symmetric and non-increasing continuous functions.
Under the above assumptions (H1), (H2) and (H4), we have u(x, t) = u(r, t), v(x, t) = v(r, t) with r = |x|, and Proof. We use the ideas of [7] and [11] to complete the proof. Without loss of generality, we assume that u blows up in finite time T . On the contrary we assume that u blows up in another point x = 0, i.e. lim t→T u(x , t) = ∞. Let r * = |x | > 0. Because of u(r, t) is non-increasing in r, we have lim t→T u(r, t) = ∞ for any r ∈ [0, r * ]. 2 , and ε > 0 will be determined later. The carefully calculation gives
It follows from (4.1) that
. We claim that u 0r is non-positive and non-trivial (otherwise u 0 (r) ≡ 0, hence u ≡ 0 which contradicts the assumption that u blows up in finite time T ). By the standard method we can deduce that u r (r, t
T ).
Taking t 0 : 0 < t 0 < T and considering t 0 as the initial time, we may assume that u x 1 (x, 0) < 0 on B σ R (0). So, there exists a constant 0 < ε 2 < 1, such that when 0 < ε ε 2 ,
, by the maximum principle we have
and so
Since lim t→T u 1−s (z, t) = 0, we get a contradiction from the above inequality. 2
Under some additional assumptions on the initial data, the blow-up rate in space can be evaluated as follows. 
hold for some constant C > 0 and any
Proof. We only give an evaluation of u(r, t). Similar as Theorem 4.1, we still apply the ideas of [7] and [11] 
